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An i t e ra t ion  s c h e m e  fo r  de t e rmin ing  nons t a t i ona ry  heat  flux is c o n s t r u c t e d  fo r  the l i nea r  case .  
The s cheme  is based  on the two grad ien t  s lope me thods .  

We c o n s i d e r  the fol lowing inve r se  p r o b l e m  fo r  the homogeneous  l inea r  equat ion of heat  conduct ion in 
the reg ion  {0 < x < b, $ > 0}. The heat  flux function q(r)  at the left boundary  of the reg ion  is to be d e t e r -  
mined  f r o m  the known t e m p e r a t u r e  f(T) and the hea t  flux Q(T) at  the r igh t  boundary .  Any p r o b l e m  of d e t e r -  
mina t ion  of a boundary  funct ion can be r educed  to this  f o r m  when f(r) is known at an inner  point 0 < x 1 < b 
and the boundary  condi t ion is spec i f ied  at the point x = b. F o r  this  pu rpose  it is n e c e s s a r y  to solve the 
c o r r e s p o n d i n g  boundary  value p r o b l e m  in the reg ion  x 1 < x < b. 

Thus we have (it is a s s u m e d  that  the reduc t ion  to the initial condit ion has been made)  

OT(L Fo) _ 0 2 T ( L  Fo) ,  0 < ~ < ~ ,  F o > O ,  (I) 
0 Fo 0~ 2 

T(~, 0) = 0, (2) 

OT(1, Fo) = Q(Fo), (3) 
b 0~ 

T( l ,  Vo) = f(Fo), (4) 

)~ OT (O, Fo) 
= q (Fo) - ?, (5) 

b 0~ 

where  Fo = aT/b  2, ~ = x /b .  

We i n t e r p r e t  the i n c o r r e c t l y  f o r m u l a t e d  p r o b l e m  (1)-(5) as  a p r o b l e m  of op t imum cont ro l ,  i . e . ,  to 
choose  the con t ro l  q(Fo) f r o m  the condi t ion of m i n i m u m  deviat ion of T(q(Fo),  1, Fo) = T*(Fo) f r o m  the 
given funct ion f(Fo) in the m e t r i c  of space  L 2 (square in tegrable  funct ions) :  

For~ 

J (q) = .([T*(Vo) - -  [ (Fo)] 2 dFo - -  rain. (6) 
0 q 

We shaI1 solve  the f o r m u I a t e d  e x t r e m u m  p r o b l e m  by the g rad ien t  methods .  F o r  this  pu rpose  we 
wr i te  out the f o r m u l a  fo r  the g rad ien t  of funct ional  (6). 

Let  us  a s s u m e  that  q(Fo) u n d e r g o e s  an i n c r e m e n t  Aq(Fo). Then the t e m p e r a t u r e  T(~, Fo) changes  
by an amount  AT(~, Fo)  which sa t i s f i e s  the condi t ions  

OAT (~, Fo) 02AT ~,  Fo) 
- -  , 0 < ~ < 1 ,  F o ~ 0 ,  

0 Fo 0~ z 

AT (~, 0) = 0, 

0AT(l, Fo) -- 0, 
o~ 

OAT (0, Fo) _ Aq (Fo), 
b O~ 

(7) 

(8) 
(9) 

O0) 
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The functional J gets the corresponding increment  

AJ ~ J (q -~ Aq) d (q) = J (T -k AT) ~ J (T). 

Hence neglecting quantities of the second order  of smallness  we obtain 
Forn  

hJ = .I 2iT* (Fo) --  f (Fo)] AT (1, Fo) dFo. 
0 

Following [1] we write the boundary value problem conjugate to (7)-(10): 

0,r (~, Fo5 
0Fo 

02~ (g, Fo~) O < g < l ,  0 < Fo <Fo,, ,  
Og.2 

(~, Fore) = 0, 
0~2 (1, Fo} = 9. IT* (Fo) - - f  (Fo)l, 

0~ (0, Fo) 
- ~ O .  

og 

(115 

(12) 

(13) 

(14) 

(15) 

Then for the increment  of functional (11) we get 

A J =  ~ AT(~, Fo) O,(g, Fo) dFo --- d g 4  AT(~, zo) O@(g' Vo) dFo 
o~ �9 g o~ 

0 ~ =  0 0 " 

f rom which we obtain 

where 

1 1 

8 0 
(16) 

Fcrn  

I~ (~5 = S AT (~, Fo) 02~ (~'(9~ = Fo')dFo, 

0 

Fo m 

fOAT (~, Fo) a~ (~, Fo') dFo 
L (%) = o~ at  

Next making use of the conjugate equation (12) and integrating by par ts  with (8) and (135 taken into considera-  
tion, we have 

Fo m Fo m 

l'(g) = - -  3" hr(~, Fo) O~)(~,0 FoV~ dFo = ,f ~b (~,. Fo)ohr(g,O FoF~ gV~ 
0 0 

tain 
Changing the order  of integration and passing on to the spatial derivative AT(~, Fo) f rom (7) we ob- 

1 Forn  1 

W- 
0 0 0 

Integrating by par ts  with the use of (9) and (10) we get 
1 Fo  m 1 

b ~ 1 1 ( ~ ) d ~ - ~ - ; * ( O ,  Vo)Aq(Fo)dFo--s 
0 0 0 

From (16) and (17) we get 

(z7) 

In Hilbert space L 2 [1] 

Fort~ 

AJ = .bbL .f ~ (0, Fo) Aq (Fo) d Fo. 

0 
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A J =  
Uo m 

.[ S' (q)Aq(FoidFo. 
0 

Thus the e x p r e s s i o n  fo r  the g rad ien t  of funct ional  (6) is 

j ,  (q) = b ~ (0, Fo). (18) 

F o r  constructing the i t e ra t ion  a pp rox ima t ions  to the d e s i r e d  heat  flux funct ion q(r) we shall  use  the 
me thods  of s t eepes t  descen t  and conjugate  g rad ien t s .  

In the f i r s t  ca se  s t a r t i n g  f r o m  a c e r t a i n  " tes t"  solution q~ the subsequent  app rox ima t ions  a r e  
found f r o m  the f o r m u l a  

qk+l = q~ __ [3hj, (q~), k = 0, 1 . . . .  (19) 

The coeff ic ient /3  k, which d e t e r m i n e s  the s tep in going f r o m  qk to qk+l, is found f r o m  the condit ion of 
m i n i m u m  of j(qk+l).  

Fo m Forn 

rain f IT (qk _ ~S,k) _ fled Fo = rain I" t - -  ~AT (S'~) -I- T (qk) __ []z d Fo. 
6 j f~ 8 

Hence we obtain 

S AT (J'#) iT (r - -  [I d Fo 
0 

Fo m 

.I AT2 (j,k) d Fo 
0 

In us ing  the method of conjuga te  g r ad i en t s  [2] the sequence  {qk} is sought  in the fol lowing fo rm:  

r = r __ [~hpr~, k = 0, 1 . . . . .  

where  

(20) 

p1~ = j,t~ _, ?lj~-,, 

F~ 

[ [J"~' (Fo)12d Fo 

] 'h  = :  Fom (~0  = O) ,  

.I [j,i~,-1 (Fo)]~ d Fo 
0 

The coef f ic ien t  flk is found f r o m  the condi t ion 

rain J (qk _ 13p~). 

A c c o r d i n g  to the supe rpos i t i on  pr inc ip le  the solut ion of the second boundary  value p r o b l e m  fo r  the 
l i nea r  homogeneous  heat  conduct ion equat ion with boundary  funct ions  ql(Fo) and %(Fo) can be wr i t ten  in 
the f o r m  

Eo Fo 

i i O(g, Fo)= q2(q) O0(L Fo--q) dn-!- q~(n) OO(1--L Fo--n) dn, 
O Fo , O Fo 

0 0 

where  ~(Fo) is the solut ion of p r o b l e m  (1), (2), (3), (5) with unit  heat  flux at one boundary  of the plate  and 
z e r o  at the o ther .  

Using a sui table  app rox ima t ion  method  [3] we obtain the fol lowing f o r m u l a  fo r  comput ing  | at the 
n - t h  ins tant  of t ime:  

where  

= q..iO,( ..... +0 (~) -i- "~ 7- x},~ - (~), 
i ~ l  i = 1  

n = l ,  2 . . . .  m, 
(21) 

- b - b " 
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Fig.  1. E x a m p l e  of c o n v e r g e n c e  
of the  i t e r a t ion  s e q u e n c e s  (J, deg 2, 
AFo = 0.04, q ~  0, fn, u n p e r -  
t u rbed  va lues) :  1) compu ta t i on  of 
a p p r o x i m a t i o n s  by f o r m u l a  (19); 2) 
by f o r m u l a  (20). 

Below we shal l  need  On(0) and On(1 ) . In th i s  c a s e  

N~ 

e7~(o) = - 2 V a Fo (m P) Z i~* 
]-o ]/- A Fo p) 

v A Fo (m - -  p) p=i-1 
N2 >: [ 2,+, ]t- 

@:,,. (6) = - -  4 V" a Fo (m - -  p) i0"  2 I f  A Fo (m P)  p=i-I ' 
1=0  

w h e r e  

~7~ (1) = ~ (0), 
2i 

a~m2~ (1) = ~ (0). 

AFo = aTm 
b~m 

1 
i(l)* [u] = . -7=- exp [ u 'z] - -  u (1 - -  (D [u]) 

V Z  
u 

and r [u] = 2A&r.fexp [--r}2]d~/is the e r r o r  in t eg ra l .  
0 

The n u m b e r s  N1 and N2 a r e  chosen  f r o m  the condi t ions  

ir V A Fo-(m - -  p) LV-A F-~(m - -  V) 

where  e > 0 is a p r e s p e c i f i e d  sma l l  quant i ty .  

(iq3* [oo] = 0), 

~ e, i(I:)* [ 2 N ~ + t  - ] ~ e ,  
2 V A Fo (m p) " 

In cons t ruc t i ng  the sequence  of e l e m e n t s  qk a c c o r d i n g  to (19) o r  (20) in each  i t e r a t i on  it is  n e c e s s a r y  
to so lve  t h r e e  p r o b l e m s  of d e t e r m i n a t i o n  of the t e m p e r a t u r e  T*(Fo) ,  the  funct ion ~b(0, Fo),  and the i n c r e -  
m e n t  AT(u k) (u = j , k  o r  pk). Atl t h e s e  quan t i t i e s  can  be found f r o m  (21) with c o r r e s p o n d i n g  va lue s  of  ~, 
ql, and q2. F o r  Tn *k we have  

fo r  ~bkn(0) 

f o r  ATk (u) 

F r o m  t h e s e  quant i t i es  we compu te  

~ =  1, q l~ :=q~(  -~ b ) - b Q , ,. 

~=0,  ~ , .=0,  ~, .=z~.  ~ 

~n = T n-1 + • n~ = T m - n -  

- -  k = 1, ql, = un, ~,, = 0 (AT~ =0).  

= ~m--. (0), 

~ k  ~-- n ~ l  

ttZ 

w E(ATL1) 2 + (aTb ~] 

t(AL,)~ + (J;~)'l Z.a 
~'h ~ .,,=1 (~'o = 0), 

m 

[(j;k_-]l)~ -t- (j;~-l)=] 

w h e r e  F k = ATk~r 

The g rad i en t  me thods  of so lv ing  the i n v e r s e  p r o b l e m  of hea t  conduct ion (1)-(5) w e r e  v e r i f i e d  taking a 
s e r i e s  of me thodo log ica l  e x a m p l e s  and showed good r e s u l t s .  As  expec t ed  [2] the  sequence  (20) c o n v e r g e s  
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0 L~ FC/FOrn 0 0,4 q8 FO/Fo m 
Fig. 2. Recons t ruc t ion  of heat f luxes by the method of conjugate gradients  (qmax is the l a rges t  value 
of the des i r ed  function q(Fo)): a) AF = 0.01; fn, unper turbed  values;  continuous curve)  exact  solution; 
dashes)  initial approximat ion;  points) 25th i terat ion;  b) AFo = 0.005, q~ = 0, fn, unper turbed  v a l -  
ues; continuous curve)  exact  solution; dashes)  l l t h  i teration; e) AFo = 0.03, q0(Fo) = 0, fn, unpe r -  
turbed values;  continuous curve)  exact  solution; dashes) 1st i teration; 1) second i teration; 2) 3rd 
i terat ion;  3) approximat ion  chosen according  to d i sc repancy  pr inciple  (4th i teration);  4) 50th i terat ion.  

somewhat  f a s t e r  and p e r m i t s  a c l o s e r  approach to the min imum of functional (6) compared  to (19). This  is 
i l lus t ra ted  in Fig. 1 for  one of the examples .  

We note that  a disadvantage of the above a lgor i thm of de termining the heat flux is the absence of a 
un i fo rm convergence  of the approx imat ions  (19) and (20) (the convergence  occu r s  only in L2). Because of 
condition (13) the gradient  of the functional J '  (q) devia tes  f r o m  the exact  value in some neighborhood of the 
end point Fo = Fom. This  causes  a distort ion of the solution q(Fo) also in this neighborhood (q(Fo m) 
= q0(FOm), q, (Fore) = q0, (FOm)) (see Fig. 2a). 

However ,  if the behavior  of the function q(Fo) nea r  the r ight  boundary of the t i m e  interval  is predic ted  
beforehand,  then the proposed  a lgor i thm is ve ry  efficient.  F o r  example ,  if it is known that the des i red  
heat  flux vanishes  at Fo = FOm, then specifying the initial approximat ion  q~ we obtain q(Fo) ve ry  c lose  
to the exact  function (Fig. 2b). 

The solution of the inverse  p rob lem is quite s table to pe r tu rba t ions  of the input data both in the case  
of the method of s t eepes t  descent  andthe method of conjugategradients .  This is mainly  accounted for  by a 
significant  dec r ea s e  of the ra te  of convergence  of these  methods of gradient  slope with the inc rease  in the 
number  of i t e ra t ions  which in a way damps the "osci l la t ions"  of the approximat ions  qk(Fo). The r e su l t s  
for  the f i r s t  th ree  i t e ra t ions  obtained f r o m  fo rmu la  (20) a re  shown in Fig. 2c for  sufficiently l a rge  f luc tua-  
tion pe r tu rba t ions  of the input data (fSn = fn + 6~n, where 6 = 107c fmax; ~n is a random quantity uni formly  
d is t r ibuted  in the segment  [--1, 1]. The las t  approximat ion  is v e r y  c lose  to the sought curve  of q(Fo). 

If the p r o c e s s  of approx imat ions  is continued fur ther ,  the r e su l t s  change ve ry  insignificantly in the 
next th ree  Lterations. A gradual  osci l la t ion of the solution is obse rved  s ta r t ing  f r o m  7-8- th  i terat ion (50-th 
approximat ion  for  th is  example  is shown in Fig. 2c). 

Computat ions  show that  it is advisable  to use  the d i sc repancy  pr inciple  [4, 5] for  t e rmina t ing  the 
i te ra t ion  p r o c e s s .  Here  the num ber  of i t e ra t tons  plays  the role  of the regular iza t ion  p a r a m e t e r .  If n e c e s -  
s a ry  the exit  to the given discrepanc3; level  is obtained by a suitable choice of the p a r a m e t r i c  step ft. If 
the input data fn a r e  sufficiently accura te ,  then for  the above a lgor i thm it is genera l ly  a lways  poss ib le  to 
specify beforehand the number  of i t e ra t ions  (10-15) which would co r re spond  to a reasonable  proximi ty  of 
the las t  approximat ion  to the actual  heat  flux function. 

Apar t  f r o m  its high accu racy  this  a lgor i thm is a lso  economical  in r e spec t  of c.omputation t ime  and 
c o m p a r e d  to the a lgo r i thms  of [6, 7] it p e r m i t s  solution of p rob lem of cons iderably  l a r g e r  dimensionali ty.  
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The invest igated approach can be extended to the solution of inverse  p rob l ems  with movable  bounda-  
r i e s  [5, 8] a lso  in nonlinear  formulat ion.  

b 
f(~) 
J(q) 
k 
QO') 
q(v) 
T(x, ~') 
T*(T) 
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Fo 
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Zm 
r T) 
A 
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is the 
i s  the 
LS the 
Ls the 
i s  the 
ts the 
ts the 
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N O T A T I O N  

t he rm a l  diffusivity; 
r ight  end of the in terval  Ln x; 
given t e m p e r a t u r e  dependence at the point x = b; 
funetLonal to be minimized;  
number  of i terat ion;  
heat  flux at the point x = b; 
desLred heat  flux; 
t empe  ra ture ;  
computed t e m p e r a t u r e  dependence at the point x = b; 

the coordinate;  
the F ou r i e r  number;  
the t he rm a l  conductivity; 
the d imens ionless  coordinate;  
the t ime;  
t h e  end of the invest igated tLme interval ;  
the solution of the conjugate boundary value problem;  
the inc rement  of the correspondLng quanti t ies.  
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3. 
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5. 
6. 
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